Lecture /4
G&W - Watsm "Process

I Zh metivation  comes Galton's  Statistical

Xew of chiddron with P(X=0)>0 ond = EQXI<w.
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3 X+ T EM\DY, nen ]
of iid. romdam  voriohls. each with the Same
distributim with X
P(Xen=k) = P(X=£).

:IP( Zn-l-\:zn-(—)l anzv\).
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A: Bg Jowor Ko, Vnew.

EL Zu]

= E[E[anl|2n]1

= E[EI_ Xrnlzn]:(

459—2

Z E[ 2 ] Xrn|ZH”SJ[P(Zn )

= f_.g_» lfl i XEKI IIE(Z!‘:QQ
jet :

= Jii» 2 E[Xrn][P(Zn:ﬂ,)

—ijMP(Zn'l)

=9/
= - L]
Thus, E[Zn]=/u“ E[Z.]
o .‘f //,(>1;.
S S N =1
\LO s //,(41 .
Romant (5.1

Weve. %mtialéoa/ J4>rwed the  Whlds Mmtftdu.
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Theorem

Lhw E[X(’{'XZT'\'XN]:E[NJE[XI]

Noti Survi j
gongration, ie., Ve, Zn #0. So

L Swriivad § = Z“n\ 1Zn #08  pud

§ Extinction } = L Survivad ¥

O Zo#01°= 0 {2, =0}

0 =

I

Notice th,/)}f gznzoi Q{Zm.l:(){ L, VYnew.
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&’ D@ain/itian /6.1 (Gmrwt}nda Fumctions ) .
O We dofie the  brobobidite  oopuratig function
y 7 2 d J
Gx of a ive integer- iblo.
X on th nap Gy : [0, 1] > 10,11, whore
Ge()y= E[0"]= & 8" P(X=£)
=P(X=0)+ PX=1)+ FP(X=2)+ -

0. We dwjf':’nz the momont _ gonorating J@wwfion My
of o monngotive integer-valel  tondom  worichle X
o the nap Mx:CG-r,r) —> R, whre

Mx(t)i= E L] = 2 e* P(X=)

<1+ ¢ FOy1+ SEIN ]+ + £EXT, .
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Remond_ 14.9. (rl)w’obe/rti% o] the 3WM[IZ(6]L ﬁmcﬁms).

DGrlo)= PUX=0), Gyl1)= 2, P(X=H) =
Gy 0)=(2 0% P(1=h)) = 2 (B P(t=k)) = g";k-ak"m:k)

=E[X0%].

Inporticubr, Gx(1) = ELX].

B0 B A 9 P4 vnew,

Mxlo)=1

T/v\x(t) Z AR P(Kh)= ELX" €], vnew.

@MX(O): E[X"], Vnew.

Romard_ (5.3 istribution o
WA md 1 rofm& ) ;
B Trmisd fom thedefmition_of Gy

T - - E

P((=n) = 7 H60). -
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3 et ws wme buk to the (olton - Woatson moded .

. Z
) = " n>1

7 - Z, - X110~ - ﬁ"f ' 9)([ {
fec®)= ELO™) = FLE[0™]21]. Yn=1

For cach kew, ELO*|Z=F]
ELO* | 2,4 ]
ELO% . ghen |2 -4 ]
............................... ELPF~. o ghen]
....... P L PR g IOT
= [Sion1%.
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¥
N |
B
m

T (0)= ET EL7[2.0]= FIE0F 1=5.6m) vnr1
Bﬁ_iﬂd{u‘ltim, Tnar[0) = J\. °'Y(° °F-(9) :JCI(:FM(Q),), Vnz1

—_—
e tmes

Assume  thot S = /f:zlﬂ_")'lm '?n (0)  exists
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Meh P

’ S = ',é"m,a [ne: {0) = f! ( /.{.'_'f‘.,o :Frllo)) = 'f» (3)

That is . S is a fixed Qboimf: a’f the fumtim ff
0 0) = =0

P ( Extinction) = #20P (Zx=0 ) = Lim,, $al0) = s

Jhis is to Swa,. IP ( Extinction) is o _‘fixed &bmni‘ ’F:

| ($,)(6) = = k0 PCX=k) 70, yoero,
omd .

(5.)(0) = 2 A1) 02 P(X=4) 20, yselo]

'W/?/? e ﬂr@&Jm e of mest L fixed Points

Prepared by Kelvin Shuangjian ZHANG (ks3zhang@waterloo.ca)



on [o0,1].

T [PT Extinctim1=1

Coge 1: = (1) »1 .

fu=1 4=b

Lo this Come tégie will e  two Fixed oints on
J ij

o ; liJ]fS%%4>deTm@p < pe1

oY = 2 (0 >

lP( Extinction) = j’<1
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ELXT >1, then

1

(0,1).

]

Lies

\|

Theorem 6.3 .
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